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Introduction 


Having developed the computational tools required, we can now apply them to the 
study of the ‘shape’ of surfaces in E 3 . 

Section 1 is concerned with a definition of ‘shape’ and makes use of the idea of unit 
normal vector fields. 

The idea behind using normal fields is, we think, a fairly natural one. Imagine 
living on the surface of a cylinder and carrying a unit normal with you from place 

to place. If you move along one of the generating lines then the unit normal will That is, parallel to the 
always point in the same direction—its rate of change is zero. However, moving of the cylinder, 
along one of the cross-section circles causes the unit normal to rotate steadily. 

The rate of change of the normal measures, in some sense, the shape of the surface 
along the path that you follow on the surface. 

Section 2 makes use of the definitions of Section 1 to define curvature for surfaces. 

Since, as the cylinder example suggests, you would expect to experience different 
curvatures when moving in different directions, the curvature is a function not only 
of position on the surface, but also of direction. This section also provides some 
computational techniques. 

Section 3 introduces two measurements of curvature that summarize the shape of 
a surface at each point. They are functions and, therefore, lose the information 
about differences in curvature in different directions. However, they are useful 
general descriptions. 

The main purpose of Section 4 is to provide a range of computational techniques 
based on the partial velocities and their derivatives. In a sense the formulas derived 
correspond to those for curves that were expressed in terms of a', a" and a'". 

The functions 

£ = x„ x„, F = x„ ■ x„ and G = x„-x„, 
which you have already met, play a central role in the computations. 

Sections 5 and 6 apply the machinery that has been developed to two topics. The 
first is the discussion of particular types of curves in surfaces; the second is to 
surfaces of revolution. 

Finally, Section 7 provides the usual summary. 


Study advice 

The following represents a possible plan for study weeks. 

Week 1 O’Neill , Chapter V, Sections 1 and 2. 

Week 2 O’Neill, Chapter V, Section 3 and TMA03. 

Week 3 O’Neill, Chapter V, Sections 4 and 5. 

Week 4 O’Neill, Chapter V, Section 6. 

This leaves two study weeks for the work on three sections of Chapter VI and 
TMA04. Since the fourth week listed above is probably a little light, you may wish 
to start work on TMA04 during that week. 














a'(<) = x„(«o + 1, vq) x 1 + x„(u 0 +t,v o) x 0 (chain rule) 

= x u (u 0 + t, Vq), 


<*'(0) = x u (« 0) vo) and also a(0) = x(«o, ^o) = P- 
Thus a is a suitable curve to use in the definition of covariant derivative. The 
definition then gives 

Vx^o.vo) 1 ^ = Vlctffifffo 

Now K(a(f)) = V(x(u 0 + t, t>o)) and the chain rule then gives 

v(«m> = »^ (uo+ ,„ o) xl+ ^f^( Uo+tiVoU o 

= ^o + M„). 

Evaluating at t = 0 shows that 

^M^)V= - {X ^' V)) (u 0 ,v 0 ). 

If we express this result in ‘function’ form, we have 

Exactly similar arguments show that 

These two results are of immense importance for doing computations. They also 
provide further confirmation of the principle discussed earlier: that all forms of 
directional derivatives with respect to the partial velocities reduce to d/du and 
d/dv. 

Shape operator The footnote about the reason for the minus sign is questionable, 
if only because there is always a choice of sign for the unit normal! 

Note: The definition of shape operator can be extended to act on vector fields 
(rather than tangent vectors) by the usual pointwise process: 
S(V):p*-+$(V(p)). 

There is a link between the definition of shape operator and the connection forms 
discussed in Part II. There we summarized the connection equations in matrix form 



for any frame field E\, E 2 and E 3 . 

Writing out the last line in full gives 

= —W13 El — U>23#2- 

Now suppose that we have a frame field defined on a surface such that Ei and E 2 
are tangent fields and U = E 3 is normal. It follows that the shape operator derived 
from U is given by 

S(V) = -V v U 


This last equation seems a good reason for the introduction of the minus sign into 
the definition of 5! 











But /J'(O) = a'(t 0 ) and 

(ff«*)))'(0) = ( U( a (t))Y(to ), 


S(a')(to) = -V fi , (0) U 

= -(£/(«(<)))'(< o). 

Since (P(a(<)))' is, by definition, U‘ and since the above calculation holds for all 
values of t 0 , we can deduce that 

S(a') = -V'. 

The complication in the proof is the need to introduce B in order to apply Defini- 
tion 1.0 directly. 

The following exercises are concerned with verifying some of the statements in 
Example 1.3. The saddle surface can be dealt with by similar means. 

Exercise 1.1 Let M be the cylinder parametrized by 
x(u,u) = (rcosti,rsinu,«). 

(a) Use the partial velocities to define an outward unit normal vector field, U on 
M. 

(b) Let S be the shape operator on M derived from V. Find S(x„(u,»)) and 
S(x„(u,u)). 

(c) Find the matrix representing S with respect to the basis {xu,x„}. 

Exercise 1.2 Let T. be the sphere of radius r parametrized by 

x(u, v) = (r Cos u cos v, r cos u sin v, r sin u). 

By following a scheme similar to that for the cylinder in the previous exercise, verify 
the assertion in the text that 

S(v)=-| 


[Solutions on page 25 ] 


2 Normal curvature 


Read O’Neill, Chapter V, Section 2, pages 195-202. 


Erratum O’Neill , page 201, in Fig. 5.17, there is a bracket missing. The label for 
the point on the surface should read: 

The main idea introduced in this section is normal curvature. This is the formal¬ 
ization of the notion discussed earlier that travelling in different directions on a 
surface causes you to experience different curvatures. 









(c) Find the normal curvature in the direction of x„ + x„. 

Exercise 2.2 O'Neill, page 202, Exercise 3. Note that the curves given can be 
defined by a(t) = x(t,±t n ), where x is the parametrization in Exercise 2.1. 
[Solutions on page 25 ] 


3 Gaussian curvature 

Read O’Neill, Chapter V, Section 3, pages 203-207. 

Erratum O’Neill, page 204, ninth line and last but one line; page 205, four lines 
from the bottom of the page (first line of the proof) there are occurrences where: 

for T P (M) read T P (M). ■ 

This section introduces two new definitions, discusses some examples and proves 
the results that will be the basis of some straightforward computational techniques. 







4 Computational techniques 


Read O’Neill, Chapter V, Section 4, pages 210-219. 



Precision and convenience Near the beginning of the reading passage O’Neill 
adopts a rather more precise approach to exactly what the partial velocities are. 


x„(u,u) = (0,l,u) 

are tangent vectors to M at the point x(ti, v) and are the velocity vectors of the 
u-parameter and u-parameter curve passing through that point. 

Thus, x„ and x„ are functions from the domain ofx to the collection of all tangent 
vectors to M. The partial velocities are not, strictly, vector fields on M. Such 
vector fields have domain M, not E 2 . 











It follows that 


£ = x„-x„ = 1 + u 2 , 


G = x„ • x„ = 1 + u 2 ; 

EG - F 2 = (1 + u 2 )(l + u 2 ) - uV = 1 + 11 2 + v 2 . 

The second derivatives are 

x uu = (0,0,0), 

X„„ = (0,0,1), 

x„„ = (0,0,0). 


; = u • x„„ = o, 



Applying the formulas, we have 

_ In — m 2 _ 0 — (l/(t/l + u 2 + v 2 )) 2 _ -1 

EG-F 2 1 + u 2 + u 2 (1 + u 2 + v 2 ) 2 ’ 

G/ + £n-2fm 0 + 0 - 2(uv/Vl + u 2 + « 2 ) -«» 

2(£G-F 2 ) _ 2(l + u 2 + v 2 ) “ (1 + u 2 + d 2 ) 3 / 2 ' 

These are the same as obtained previously by different methods. 

This example illustrates the benefit of the new methods. Defining a unit normal 
vector field is still required but partial differentiation of this unit normal is replaced 
by differentiating the partial velocities, often a much easier task. 

Should the principal curvatures be required, they can be found as solutions of Corollary 
k 2 - 2Hk + K = 0. 

Lemma 4.4 We shall not use this result as much as the previous ones but, for 
completeness, we indicate the ‘routine’ deduction from Lemma 3.4. We suspect 
that O’Neill omitted the proof because of the algebra involved! 

Firstly, we need a unit normal vector field. This is provided by reducing Z to unit 

Z 

~ PT 

Now we express S(V) and S(W) in terms of Z. 

S(V) = -VvU 

= -V„^ 

v m 

-(b w+v [piM 

(by the Leibniz formula for covariant derivatives). 

Similarly, 





Taking the cross product and omitting zeros, we have 
S(V) X S(W) = pp ( V v Z x V W Z) 

+ Pii ( K [pf! Vv2 * z+V [jji|p ] z * v " ,z ) ■ 

When we take the dot product with Z, the last two terms disappear, so 
* • ( S(V) x S(W)) = pj pZ • (VyZ x V W Z). 

From Lemma 3.4, we have 

S(V) x S(W) = KV x W 
so, taking the dot product with Z , we have 
Z • ( S(V) x S(W)) = KZ V xW 

= KZ • Z (definition of Z etc.) 

= K\\Z \| 1 2 . 

Combining with the previous result, we have 
Pjjr Z(VvZxV w Z) = K\\Z\\\ 
from which the first result follows. 

The calculations for H are much the same and we omit them. 

Example 4.5 This shows that applying Lemma 4.4 can require some ingenuity in 
the choice of V and W. We shall not make a great deal of use of this technique. 
Patches and parametrizations The final remarks of this section of 0'Neill show 
that calculations are much easier if we can find a single parametrization of the 
surface being studied. This will be the case in most of our work. 

Exercise 4.1 O’Neill y page 219, Exercise 2. Note: Subscripts on / denote partial 
differentiation. 

Exercise 4.2 O’Neill, page 219, Exercise 3. 

Exercise 4.3 O’Neill, page 219, Exercise 4. 

[Solutions on page 27 ] 


5 Special curves 


Read O’Neill, Chapter V, Section 5, pages 223-229. 


1 O’Neill, page 224, the tenth line should read: 

*• -(unit) principal vectors belonging to ... 

2 O’Neill, page 228, the second line should read: 

i ...S(ot')=-U'... : 






= U • x„„ = 0 and n = U-x vv = 0. 


Exercise 5.1 O’Neill, page 229, Exercis 


x(u,v) = ((R + r cosu) cos a, (if + r cosu) sinu, rsinu), R > r > 0 
for the torus. You may also wish to use the Monge patch for the saddle surface.) 

Exercise 5.3 Let M C E 3 be a surface and let a be a unit-speed asymptotic curve 
in M with positive curvature k. Using the usual notation for the Frenet apparatus 
of a show that: 


(b) S(T) = tN. 
[Solutions on page 27] 







6 Surfaces of revolution 


Read O'Neill, Chapter V, Section 6, pages 235-242. 

Erratum O’Neill page 241, five lines from the bottom, for the expressions given 


This section introduces no new ideas but provides some further examples of the use 
of the techniques discussed so far. 

In a sense some of the work is ‘general’ in that it discusses the class of all surfaces 
of revolution. It is, however, at a lower level of generality than much of the theory. 
On the whole O’Neill adopts the pragmatic approach to defining tangent vector 
fields and unit normal vector fields in terms of the partial velocities. 
fmy Whilst it is useful to have formulas for the various curvatures of a general surface of 
revolution, in practice it is often simpler to deal with each case using the standard 
computational methods of Section 4. 

One factor that appears in most of the formulas is the square of the speed of the 
profile curve: 

E = g' 2 + h’ 2 . 

If it is possible to arrange a unit-speed parametrization of the profile curve, then 
these formulas are simplified considerably. 

Orthogonal parametrizations There is a more general point that arises from the 
discussion of surfaces of revolution. 

A number of simplifications in the calculations arise because the partial velocities 
are orthogonal, that is, 


The most obvious simplification is in the term 

EG-F 2 

which appears in the formulas for both K and H. 


Exercise 6.1 Let M be the surface of revolution obtained by rotating the ‘half 

-p + £ 2 = 1 . V>°» a > 6 > 0 
about the x-axis. 

(a) Use the parametrization of the profile curve 

a(u) = (a cos u, 5 sin u), 0 < u < w 

to calculate the Gaussian curvature function on M. 

(b) As defined, M is not a closed surface since the points (±a, 0,0) are missing. 
The parametrization may safely be extended to include these points for reasons 
that O’Neill discussed in an exercise in Chapter IV. 

If we do this extension, what are the maximum and minimum values of the 
Gaussian curvature and where do these extreme values occur? 

Exercise 6.2 Complete the investigation of surfaces of revolution with constant 
Gaussian curvature by considering the case K = 0. The methods used in Exam¬ 
ples 6.5 and 6.6 of O’Neill can be adapted to this case. 

[Solutions on page 28 ] 


7 Summary 


Read O’Neill, Chapter V, Section 7, page 244. 


We have made the basic definitions for measuring the shape of a surface and devel¬ 
oped methods of computing the various functions. 

The partial velocities have played a central role in this work. We have made very 



Solutions to the exercises 









Solution 3.1 
















